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- ABSTRACT. Existing works on the magneto-hydrodynamics of 

the boundary layer are concerned with examination of isolated 
questions and simplified problems, with no complete system 
o f  equations for the boundary layer of a compressible magne- 
tized two-temperature plasma on electrodes.. Here these equa- 
tions are developed, limited to an ionized quasineutral plasma 
at small Reynolds values. 

Rational organization of the working process of various types of /40* - 
magneto-hydrodynamic devices requires first of all a knowledge of the laws of 
interaction of the flow of plasma with electrodes. 
a boundary layer of plasma on the electrodes of an MHD channel represents a 

Therefore the problem of 
' 

matter of considerable practical interest. As a rule, a significant amount 
of resolution takes place in accelerator channels and the intensity of the 
magnetic field is fairly high. This leads to the necessity of calculating 
the fields of Hall currents and the effect of the Hall parameter on the 
character of plasma transfer. 
exhibit a break in electron temperature. 

Besides this, plasma accelerators usually 
i 

Existing works on the magneto-hydrodynamic boundary layer are devoted 
to examination of isolated particular questions or the solution of simplified 
problems [l-31. 
of the boundary layer of a compressible magnetized two-temperature plasma on 
electrodes. 

In the literature there is no complete system of equations 
5 

In the following, we give the boundary layer equation for the general 
case indicated, 
at small values of Reynolds magnetic number. 

We are limited completely to an ionized quasineutral plasma 

We will direct axis x along the conducting wall, axis y along the normal 
to the wall, axis x perpendicular to axes x and y. Let the external magnetic 

. -  
*Numbers in the margin indicate pagination in the foreign text. 
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field be characterized by components Bx = B 
fiel'd generated in the plasma by components Ex, E 

= 0, BZ = B, and the electric 
Y 

i I 
i 

i 

Y' 
'The system of equations of magnetic gas dynamics for a dense stable 

flow of plasma will be [4] 
$ I 

! I 

along the coordinate axis; n is the numerical density of electrons o r  ions; 
p is the overall pressure; pe, pi partial pressures; 
ion temperatures; m, me are the masses of the ions and electrons respectively. 

T. are electron and Te' 1 

Projections of the current density are given by a generalized Ohm's Law . /41 - 
~- - 

*k . Here Q is the conductivity of the plasma across the magnetic field, 
is a function of the Hall parameter for H electrons. 
tensile pressures of ions and electrons have the form 

The tensor elements of e 



............... .. - . __. - . .  .. ..... ... . __, 
, .  

-.. 

- 
' 

.. . . . .  

The pro jec t ions  of t he  thermal flow vectors  of e lectrons and ions w i l l  
be 1 

i 

Transfer  coe f f i c i en t s  w i l l  be 
- -. 

I n  these  expressions 
- --A _II____ 

..... 

. . . . .  

Here He, H.  a r e  Hall parameters, w w are Larmorov frequencies,  and 
1 e' i 

T T are average times between co l l i s ions  of ions with each o ther  and of i' e 
-ions with e lec t rons .  

The system of gas-dynamic equations (1) through ( 5 )  is  completed by the  
I_ /42 

following r e l a t ionsh ips :  
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. electrodynamic 
.-  
,- 

I i 
! (12) 

state equations 
p i  = nh-Yi, .pe = nkT, 

I correlation I 
I 

I . x  ~ (14) P = P i  3. P e  _ _ -  . 

I 

In order to compare the individual terms with each other we reduce the 
equations to nondimensional form. 
dimensions x transverse dimensions y linear and transverse velocity com- 
ponents u and v respectively, concentration n temperature T pressure 0 0’ 0’ 0’ 

We shall use the following scales: linear 

0’ 0’ 

component of electric field intensity E = n kT magnetic field B o y  time Po 0 0’ 0’ 
between collisions T T The scales for the Hall parameters are eo’ io’ 

H e ,  = - eBo z ~ ~ ,  ‘ Hio = - 2 Ti0 
me 

The scales f o r  functions 4, are determined by the relationships (11) 

-r H. 
according to scale HeO. The scale f o r  gas-kinetic values cr 0’ QiO’ Q e 0 Y  XiO’ 

0’ ‘eo’ i o ’  eo’ ’eo 
HiO’ *IO* 

corresponds to the expression in (10) with scales n 

For conversion of the equations t o  the nondimensional form, we take the 
following criteria of similarity: 

. . . . . .  - . . . . . . .  

Here Re, R. are the Reynolds numbers of electrons and ions, respectively; 
1 -  

P P. are the Prandtl numbers of  electrons and ions; @ is the electric field 
criterion; K = load criterion; M = Mach number; MD = Mach diffusion number, 
in which the scale of current is taken as cr E For the scales of y and v 

e’ .  1 

0 0 0‘  0 
we.take the expressions 

. . .  ...... . . . .  _ _ _  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ... - .......... . 

. ._ 

4 



Now examine the  case where the  Reynolds c r i t e r i o n  f o r  ions i s  much more /43 - 
D than the  other  nondimensional c r i t e r i a  and t h e i r  combinations M, M , @, K ,  

H i O '   he^' 
such a way t h a t  a l l  t he  nondimensional values and t h e i r  gradients were on the  

order of un i ty .  

1 5  or  l / R i  i n  comparison to .  meinbers containing mul t ip l ie rs  of un i ty  i n  com- 

parison with analogous members containing t h e  mul t ip l i e r  5. Discarding the  

corresponding members and rever t ing  t o  the  dimensional var iables ,  we obtain 

- I  

Azo/Alo and others ,  and suppose t h a t  we could s e l e c t  t he  sca les  i n  

Then i n  (15) we can discard members containing the  f ac to r s  

- .- 
where densi ty  of the  t ransverse flow i s  

. . . . .  . . . .  .... 

I .  

Proceeding analogously with (2)  taken with (6) and (8) we obtain 

Consequently, pressure can be considered constant along the  boundary 

layer.  i f  t he  combination of c r i t e r i a  

~ _ _  . . . . . . .  

is  s u f f i c i e n t l y  small. Here S i s  the parameter of magnetic in te rac t ion .  

. . . . . . .  .......... -. .......... 
. . . . . . . . .  - .... . . .  
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1 The equation of energy of ions after similar simplifications takes the 

- .  
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form ; 

In view of the importance of the equation for electron energy, we will 
i write it out in the full nondimensional form 

. . - .  ._ . . 
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1 We will consider the criterion for R sufficiently high, so that e I ! 
I 

! 
. .  

i - l  

\ ! 
For this the Hall numbers for electrons can also be high, but not 

i unlimited. 

Disregarding members containing multipliers of one or  by comparison 
with analogous members containing corresponding multipliers and R and , 

calculating inequality (22) returning to dimensional variables and introducing 

1 

1 i' 

Her e 

is the density o f  axial (Hall) current, while - . . - - - - - - __ - -__I 

is the current-carrying density (enthalpy) in the transverse direction. 

I 
The nondimensional form of the electrodynamic equations 

allows us to conclude that E and j are constant across the boundary layer. 
X Y 

' The problem of boundary layer plasma on electrodes will be completely 
determined if we assign the following boundary conditions: 

.-  

(26) 
u =L v = 0, Ti = Ti ,  (z), ' T ,  = T ,  (z) 

f o r ' g =  M 

, = Us (z)! Ti = .. Ti, (x), Te = T ,  (z), jv = jy3 (3); E x  == Ea (5) (27) 

One possible method of integrating the system of equations of the 
boundary layer of a two-temperature plasma is the method of finding local- 
automodel currents, in which the dependence of all values on the linear 

. . . . . . . . . . .  ....... ...................... ..___ . . . . . . . . . . . . . . . . . . .  
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-coordincite i s  calculated by the change of parameters i n  the  external  current .  

__ Introducing independent var iab les  
/45 - 
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X 

i f = 5 D,cl5,: 5 = 
, o  m o  1 

t 

'. - ( t h e  subscr ip t  0 r e f e r s  t o  the  i n i t i a l  sec t ion  x = 0) and functions 
-- 

. _  . 
We w i l l  l i m i t  ourselves t o  examination of  the isothermal accelerat ing 

1 

external  flow with constant parameters i 

Ti ,  = const, T e s  = const, p = const, Ex, = const, jvs  = const, jxs = 0 
I 

i 
Then we bring equations (16), (io), and (23) t o  the  form 

The cha rac t e r i s t i c s  of plasma t r a n s f e r  

. 
_. _I _ _  . ___.__. -.. " . . . . . .. .. - .. --. 

- -- 
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according to the relationship (10) and the calculation of the determination 

[41 
. .. ! 

: 

i -. 
are expressed by e e' ei9 He, Hi, where 

_ -  
Hi = e,"' (Q,T,, .+ 823 H i s ,  He = 8,"' (OeFe, -+ 8iTis) ti,, 

' 

In the proposition .of the constant j we-can obtain 
Y 

The criteria of comparison in the problem will be the following values: . /46 - 

- _. 
Note that the parameter of magnetic interaction is related to the 

I diffusion (flow) Mach number by the correlation 
. -  . .. . 

The boundary conditions of the problem have the form 
- .  .~ 

f (0) = f' (0) = 0, f' (CO) = 1 
0, (0) = e,,, = const, e, (CO) = 1 
O i  (0) = ei, = const, e i  (CO) = 1 

- -  - -  - -  - - - .  
- As an example, Figures 1-3 contain the distribution of u/U 0. and 0 

in the boundary layer of completely ionized two-temperature plasma of argon 
for 5 = 0, obtained from numerical calculation on an M-20 computer using the 
following values of defining parameters: 

s' 1 e' 

. _ .  - -  - 
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Figure 1 .  
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Figure 3 .  

Figure 2 .  

Certain p e c u l i a r i t i e s  observed 

i n  the  curves obtained are apparently 

r e l a t e d  t o  behavior of t r a n s f e r  

c h a r a c t e r i s t i c s  i n  t h e  s t rong magne- 

t i c  f i e l d .  
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